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The Einstein-Cartan equations in first-order action of torsion are considered. From Belinfante-
Rosenfeld equation special consistence conditions are derived for the torsion parameters relating
them to the metric. Inside matter the torsion is given by the spin which leads to an extended
Oppenhaimer-Volkov equation. Outside matter a second solution is found besides the torsion-free
Schwarzschild one with the torsion completely determined by the metric and vice-versa. This so-
lution is shown to be of non-spherical origin and its uniqueness with respect to the consistence is
demonstrated. Unusual properties are discussed in different coordinate systems where the cosmolog-
ical constant assumes the role of the Friedman parameter in Friedman-Lamaˆıtre-Robertson-Walker
cosmoses. Parameters are specified where wormholes are possible. Transformations are presented
to explore and map regions of expanding and contracting universes to the form of static metrics.
The autoparallel equations are solved exactly and compared with geodesic motion. The Weyl tensor
reveals that the here found solution is of Petrov-D type.
PACS numbers:
I. INTRODUCTION
Exact solutions of Einstein equations have a long his-
tory, to mention only the most known ones like the inner
and outer Schwarzschild solution [1, 2], the Friedman-
Lamaˆıtre-Robertson-Walker (FLRW) metric [3–7] as well
as Goedel’s universe [8]. There are many reviews and text
books classifying these unfoldings in a systematic way
[9–11]. Especially the formulation in tetrads formalism
[12–14] jas paved the way to find new exact results.
These solutions are forming the standard cosmologi-
cal model considering the curvature but neglecting any
torsion. This has been included to modify the Einstein
gravitation theory by Cartan [15] which together with the
gauge-invariance principle [16, 17] have yield a practica-
ble classical field theory. For an overview about the de-
velopment of these extensions see [18, 19] and for a mod-
ern mathematical presentation [20, 21]. The inclusion of
torsion has regained a current interest since it promises
a new direction for the search beyond the standard cos-
mological model [22]. It has been even considered as a
candidate for dark matter [23–25] and was suggested to
explain matter-antimatter imbalance [23].
The Einstein-Cartan cosmologies [26] show that no sin-
gularity appears [27, 28] replacing the Big Bang by a big
bounce [28–32]. As a consequence a black-hole cosmol-
ogy results [33] which could unify the big bounce and
inflation [31, 34, 35]. Here the torsion generates a grav-
itational repulsion which avoids initial singularities [36].
The emergent scenario has been investigated to find a
stable solution of Einstein-Cartan equations only for the
closed universe [37]. Avoiding such initial singularities
allows also to study primordial fluctuations and a finite
period of cosmic inflation can be rooted to particle pro-
duction due to curved space time [38]. The creation of
magnetic fields during that inflation period requires a
coupling between torsion and electromagnetism [39]. For
late cosmology a non-adiabatic expansion was found and
that the second law of thermodynamics requires a pos-
itive torsion term [40]. Asymptotic flat solutions have
been considered with respect to gravitational lensing in
[41] and rotating and expanding solutions are presented
in [42]. The inner star objects with spin and torsion are
considered in [43] and mass bounds in [44].
The origin of torsion is considered to be the spin [45].
This has been pronounced recently [46] by showing that
covariant electromagnetic gauge-invariance leads to tor-
sion. Furthermore, the Einstein-Cartan-Kibble-Sciama
theory [18] allows to formulate the Einstein-Maxwell-
Dirac theory in geometric form [47]. Gauge covariant
generalizations are discussed in [48] and an extended con-
formal invariance and non-metricity are found in [49].
Nonsymmetric metric tensor has been used then to ex-
plore gravity and spin [50]. The Einstein–Hilbert theory
itself was obtained as an effective theory due to quantum
corrections of torsion with the conjecture that torsion is
of intrinsic quantum nature [51].
The possibility to observe torsion effects at CERN
LHC has been discussed in [52, 53]. The perturbative
effects of torsion to the secular perihelion precession has
been predicted to be observable for Mercury [54]. Exper-
imental bounds to observe space-time torsion are sug-
gested by spin-torsion coupling [55]. Cosmological signa-
tures of torsion are discussed recently [56]. It is shown
that the angular diameter and luminosity distance be-
come different due to torsion and it was predicted that
torsion should be visible in a lower redshift which might
change the interpretation of supernovae data.
The exact solutions of Einstein-Cartan theory are
based on different Lagrangians considering the contor-
tion in different forms. Mostly the Weyssenhoff spin-
fluid assumption [57] about the structure of torsion is
used [30, 58–64]. An averaging about randomly oriented
spins leads basically to a shift in momentum and energy
densities [33]. A string approach resulting into slightly
different equations of motions of Einstein-Cartan-Kalb-
2Raimond coupling can be found in [65]. The tetrad
formalism allows to construct systematically solutions
[61, 63, 66] not restricted to spin-liquids. The Einstein-
Cartan-Kibble-Sciama scheme was solved in [64] with
higher-order terms of contortion tensor. Such higher-
order terms like quartic terms appear also in bigravity ap-
proaches [67]. Demanding the sum of the curvature and
torsion scalar to vanish in a background, Weyl-Cartan
space-time has been considered as teleparallel gravity
models [68]. Special attention has been also paid to time-
evolving wormhole solutions [69, 70].
All these solutions have in common that the torsion is
considered as created by matter spin and consequently
vanishes if the spin is absent. It is sometimes reasoned
that the torsion field does not propagate itself and there-
fore it is a byproduct of curvature created by the energy-
momentum tensor. This is underlined by the observation
that static spherically symmetric solutions are not pos-
sible for propagating torsion [71]. Consequently, the dy-
namics of metric-affine gravity with torsion is discussed
in [72].
We will show in this paper that a non-propagating
static solution with torsion exists outside of matter.
It will be found that the torsion itself is appearing
from Einstein-Cartan equations even without matter and
the presence of spin. The mere fact of allowing non-
propagating torsion leads to equations which show be-
sides the Schwarzschild solution of absent torsion a sec-
ond one. This second solution does not match with the
Schwarzschild solution since the torsion parameter itself
becomes fixed by the curvature and vice-versa. It will be
shown that this presented solution is distinct from the
known ones and possesses unusual properties.
The outline of the paper is as follows. In the next
chapter the main formulas of Einstein Cartan theory are
shortly summarized. In the third chapter we explore the
Belinfante-Rosenfeld equation [73, 74] which will provide
consistence constraints on possible torsion terms mostly
not considered. The Weyssenhoff fluid assumption with-
out averaging about torsion variables will be used fur-
ther. In chapter IV we present the internal and external
Schwarzschild solution with the main result of a second
external solution disconnected from the Schwarzschild
one. A detailed comparison with other known solutions
is performed in order to show their difference. In chap-
ter V. we extend this solution to possible non-spherical
ones and proof the uniqueness of this static solution. The
properties of the found solution is explored in chapter VI
where it is transformed into different coordinate systems
to reveal different properties. The possible wormholes
and regions of FLRW metrics are discussed there. The
autoparallel equations are solved exactly and compared
with geodesic motion. At the end of this chapter finally
the Weyl tensor is calculated and the solution is iden-
tified as Petrov-D type. Chapter VII summarizes and
concludes.
II. GENERAL FORMULAS
We work in the metric notation diag(1,−1,−1,−1).
The Einstein-Hilbert action with the extension to torsion
[15, 16, 18, 21]
L = − 1
2κ
∫ [
P − gik (ClijClkl − ClimCmkl )]√|g|dΩ
+Lm (1)
is given in terms of the Riemann curvature tensor P , the
metric g and the contortion tensor C. The latter one
gives the relation between affine connection Γ and the
Levi-Civita connection or Christoffel symbols {} as
Γ kij =
{
k
ij
}
+ Ckij (2)
with {
k
ij
}
=
1
2
gm (∂igmk + ∂jgim − ∂mgij) (3)
due to the metric compatibility, ∇kgij = 0 which in any
subsequent calculation will be ensured. We restrict to
lowest order in the action, for higher orders see [72].
The variation of the matter part of the Lagrangian (1)
defines the metric dynamical energy-momentum tensor
T as
δLm = −1
2
∫
T ijδgijdΩ. (4)
The Belinfante Rosenfeld equation [73, 74] relates the
dynamical metric T and the canonical energy-momentum
T tensor by the torsion tensor S
Tik = Tik + xZik
Zik = −1
2
(∇l − 2Sl)(S lik − S lk i + Slik ) (5)
where Si = S
k
ik and the contortion tensor is linked to
the torsion tensor by
Ckij = Skij + 2S(ij)k . (6)
In order to keep track of the contribution by the
Belinfante-Rosenfeld equation Zik, we denote them by an
additional factor x. This allows to discuss different cases
in the literature, e.g. neglecting it (x = 0) or tracking
the dynamical and canonical energy-momentum tensor.
Here the covariant derivative ∇ with respect to the affine
connection is related to the covariant derivative with re-
spect to the Levi-Civita connection ∇{} by
∇kAl = ∇{}Al + ClmkAm
∇kAl = ∇{}Al − CmlkAm. (7)
The Einstein-Cartan equations as variation of (1) with
respect to the metric tensor g firstly describe the con-
nection of the Riemann tensor to the dynamical metric
tensor
Gik = Pik −
(
λ+
P
2
)
gik = κTik + κxZik + κ
2Uik (8)
3with P = P ii , the cosmological constant λ, and the ad-
ditional gravitational potential due to the torsion
κ2Uik=C
j
ijC
l
kl−ClijCjkl−
gik
2
(
CjmjC
l
ml−CmjlCljm
)
.
(9)
Secondly, by variation of (1) with respect to the contor-
sion, the Einstein-Cartan equations connect the torsion
tensor to the spin tensor s by
Skij = −κ
2
(sijk − gk[jsi]ll) (10)
which provides the relation of the contorsion tensor to
the spin itself
Ckij =
κ
2
(2sk(ij) − sijk + gkjsill − gijskll). (11)
The additional gravitational potential becomes
Uik =
1
2
[
−s ji ls lk j + s ji js lk l − s ji ls lkj +
1
2
sjlisjlk
+
gik
2
(
1
2
sjlmsjlm − sljmsjml − sljlsjmm
)]
. (12)
The Einstein tensor as left side of (8) obeys the double
contracted Bianchi identity ∇lGlk = 0 which establishes
the conservation law
∇l(T lk + xZ lk + κU lk) = 0. (13)
III. CONSISTENCE CONDITIONS
A. Modified Weyssenhoff spin fluid
The equations are drastically simplified if we work with
the Weyssenhoff spin liquid [59] assuming that the spin
tensor takes the form sijk = sijuk with the velocity u
and the remaining asymmetric spin tensor being orthog-
onal siju
j = 0 known as Frenkel condition. Then the
additional gravitational potential (12) simplifies to
Uik =
1
2
[
s ji sjk + σ
2
(
uiuk +
gik
2
)]
(14)
with (please note [84] )
2σ2 = smls
l
m . (15)
This additional gravitational potential gives a quadratic
contribution in κ to the Einstein-Cartan equation (8).
We do not assume any further averaging and take all
linear terms into account.
The contortion tensor (6) and torsion tensor become
according to (11) and (10)
Ckij =
κ
2
(skiuj + skjui + sjiuk)
Skij = −κ
2
sijuk (16)
and Sl = S
k
ik = 0.
B. Condition for the spin tensor
The additional potential Zik from the Belinfante-
Rosenfeld equation (5) deserves now a closer look. Using
(16) we obtain
Zik =
1
κ
∇lC lk i = −
1
2
∇l(s lk ui + s li uk + skiul). (17)
We see from the Einstein-Cartan equation (8) that the
terms should be symmetric in the indices i, k. This is
visible in (14) but has to be demanded for (17). This
requirement is nothing but the conservation of the spin
density (see 2.4.16 of [21]). Applying (7) we translate the
covariant derivatives with respect to Levi-Civita connec-
tions
Zik =
1
κ
∇lC lk i =
1
κ
∇{}l C lk i
+
1
κ
(−CmklC lm i + ClmlC mk i − CmilC lk m) . (18)
We need
C lk i − C li k = κskiul (19)
for the requirement
0 = Zik − Zki
= ∇{}l (skiul) + Cmilsmkul + Cmklsimul + Clmlskium
= ∇{}l (skiul)
= ∂l(skiu
l)−
{
m
kl
}
smiu
l −
{
m
il
}
skmu
l +
{
l
ml
}
skiu
m
(20)
where we have used (16) and siju
j = 0 as well the asym-
metry of s to see the step from the second to the third
line.
We will use a coordinate system where ul =
(u0, 0, 0, 0). This implies that the asymmetric spin tensor
s has a first zero column and row
s =


0 0 0 0
0 0 c −b
0 −c 0 a
0 b −a 0

 (21)
and (20) translates into 6 equations for a, b, c. The first
set of linear equations appear for i = 0{
m
00
}
smk = 0 (22)
which solution shows that we have to have
a =
{
1
00
}
d; b =
{
2
00
}
d; c =
{
3
00
}
d (23)
with a single unknown function d. The second set of
equations appear for (i = 1, k = 2), (i = 1, k = 3), (i =
42, k = 3) and read
1
u0
∂0(cu
0) +
{
3
01
}
a+
{
3
02
}
b+
({
0
00
}
+
{
3
03
})
c =0
1
u0
∂0(bu
0) +
{
2
01
}
a+
({
0
00
}
+
{
2
02
})
b+
{
2
03
}
c =0
1
u0
∂0(au
0) +
({
0
00
}
+
{
1
01
})
a+
{
1
02
}
b+
{
1
03
}
c =0.
(24)
Together with (23) these are 3 differential equations for
d and the metric tensor g. It is interesting to note that
the metric is obviously directly dependent on the spin
content boiled down to a single function d. Later we will
consider various solutions of the Einstein-Cartan equa-
tions for the metric and will observe the restrictions (23)
and (24) carefully. Unfortunately, both constraints are
mostly not respected with the presented exact solutions
in the literature.
C. Einstein-Cartan equations
Using
C lk i + C
l
i k = κ(S
l
k ui + s
l
i uk), (25)
the contribution of the Belinfante-Rosenfeld equation
Zik =
1
2
(Zik + Zki) = Z˜ik + κU˜ik (26)
can be seen to split into
Z˜ik =
1
2
∇{}l (s lk ui + s li uk) (27)
and a part entering linear in κ
U˜ik =
1
2
(2σ2uiuk + sils
l
k). (28)
This splitting corresponds to the two parts in (18). Sum-
marizing, the Einstein-Cartan equations (8) take the
form
Pik =
(
λ+
P
2
)
gik+κ(Tik+xZ˜ik)+κ
2(Uik+xU˜ik). (29)
The canonical energy momentum tensor is assumed to
have the form
Tik = (n+ p)uiuk − pgik (30)
with the mass density n and pressure p.
The torsion modifies the Einstein-Cartan equation by
an additional energy-momentum tensor part Z˜ of (27)
and a potential quadratic in κ according to (28) and (14)
Uik+xU˜ik=
σ2
2
[
(2x+1)uiuk+
gik
2
]
+
1+x
2
sils
l
k. (31)
IV. STATIC SPHERICALLY SYMMETRIC
SOLUTION
A. Torsion potentials
First we investigate the spherically symmetric solution
with a diagonal metric
g = diag{B(r),−A(r),−R(r),−R(r) sin2 θ} (32)
which should include the Schwarzschild solution and gen-
erally any static spherically symmetric solutions. We
choose freely uµ = (u0, 0, 0, 0) which provides with
uµuµ = 1 the form u
µ = (
√
B(r), 0, 0, 0) and uµ =
(1/
√
B(r), 0, 0, 0). Calculating the Christoffel symbols,
the set of equations (23) provides b = c = 0 and
a(r) =
B′(r)
2A(r)
d(r) sin θ. (33)
Since it is static it solves also (24). The θ dependence
remains undetermined and we choose it here such that
σ2(r) =
B′(r)2
4A(r)2R(r)2
d(r)2 (34)
becomes independent of θ since this term appears later in
the equations and we search for spherical symmetric ones.
We have introduced the more convenient function e(r)
instead of d(r). We see that the spin conservation (20)
reduces the spin tensor corresponding to the assumed
metric.
The contortion tensor can be easily calculated with the
nonzero parts
a(r)
√
B(r)
2
= C032 = C203 = C230
= −C302 = −C023 = −C320 (35)
and the linear-κ contribution to the Einstein-Cartan
equations Z˜ according to (27) via (18) appears to be zero
for this chosen metric. In other words it does not vanish
due to averaging but is exactly zero.
The quadratic-κ contribution to the Einstein-Cartan
equations (28) reads
U˜ik =
σ2
2
diag{2B(r), 0, R(r), R(r) sin2 θ} (36)
and the additional gravitational potential (14) becomes
Uik =
σ2
4
diag{3B(r),−A(r), R(r), R(r) sin2 θ}. (37)
B. Internal Schwarzschild solution
Now we solve the Einstein-Cartan equations. It turns
out that the right-hand side of (29) becomes simplified if
5we use an effective momentum and energy density
p¯(r) = p(r) +
λ
κ
− e(r)
2
4(1 + x)
n¯(r) = n(r) − λ
κ
+
(3 + 4x)e(r)2
4(1 + x)
(38)
in the following with
e(r)2 = κ(1 + x)σ2(r) (39)
defining e(r) via (34). If we do not consider U˜ik as in
most treatments we will have to set x = 0 instead of
x = 1.
The Riemann tensor provides 3 equations since P33 =
P22 sin
2 θ on both sides. The right hand side of (29)
together with the conservation law (13) becomes then
P00 =
κ
2
B(e2+n¯+3p¯)
P11 =
κ
2
A(n¯−p¯−e2)
P22 =
κ
2
R(n¯−p¯)
0 = ∇l[T lk + Z˜ lk + κ(U lk + U˜ lk)]
= (n¯+ p¯)
B′
2A
+
p¯′
V
− e
2R′
2AR
(40)
where we suppress the r-dependence of all functions and
denote the derivative by R′. One can get rid of B com-
bining
P00
2B
+
P11
2A
+
P22
R
=
A′g′
2A2R
+
R′2−4RR′′
4AR2
+
1
R
= κn¯. (41)
This differential equation is solved as
A(r) =
R′(r)2
4piR(r)
[
1− κ m(r)
4pi
√
R(r)
]−1
(42)
with the total ”mass” included
m(r) = 2pi
r∫
r0
dr¯
√
R(r¯)R′(r¯)n¯(r¯) + C0. (43)
The integration constant we absorb in m(r) setting C0 =
0 by assuming a proper r0.
Next we consider
P00
B
+
P11
A
=
A′R′
2A2R
+
B′R′
2ABR
− 2RR
′′ −R′2
2AR2
= κ(n¯+ p¯).
(44)
Using the conservation (40) we have
B′
B
=
e2R′ − 2Rp¯′
R(n¯+ p¯)
. (45)
With the help of this we eliminate B in (44) and A by (42)
to obtain the modified Oppenheimer-Volkov equation [44]
p¯′ = −κR
′(n¯+ p¯)
(
p¯+ m
4piR3/2
)
4
(
1− κ
4pi
√
R
m
) + e2 R′
2R
. (46)
Using this in (45) we obtain another form for B′/B
B′
B
=
κR′
8piR3/2
m+ 4piR3/2p¯
1− κ
4pi
√
R
m
. (47)
With these solutions at hand we check that the last
equation
P22
R
=
1
R
+
A′R′
4A2R
− B
′R′
4ABR
− R
′′
2AR
=
κ
2
(n¯− p¯) (48)
of the Einstein-Cartan equations (40) is completed iden-
tically. The equations (47), (46) and (42) solve therefore
the Einstein-Cartan equations together with the conser-
vation law (40) and are the general solutions of the as-
sumed spherical-symmetric and static metric (32) within
the Weyssenhoff fluid. The known internal Schwarzschild
solution is visible for e → 0 and λ → 0. Of course, the
function R(r) as prefactor of the angular parts in the met-
ric remains undetermined dependent on the used coordi-
nate system. A simple variable transformation R(r) = r¯2
would fix it in the standard form. Further treatments
can be performed numerically dependent on the given
momentum and density profile via the equation of state.
Exact solutions for the inner region of compact objects
are discussed in [41, 43, 67], for rotating stars in [42] and
possible upper limits of masses of stars in [44].
As important remark we have to make. The so far
undetermined torsion e(r) cannot be chosen arbitrarily
since (24) and the Oppenheimer-Volkov equation (46)
provides with (38) an internal consistence even out of
matter as we will see now.
C. External Schwarzschild solution
In the exterior of stars we can set p = 0 and n = 0 and
should obtain the external Schwarzschild solution. The
effective mass (43) and the Oppenheimer-Volkov equa-
tion (46) read then
m′ = pi
√
RR′
(
−2λ
κ
+
(3 + 4x)e2
2(1 + x)
)
(e 2)′
e2
= R′
(5+6x)κm
8piR3/3
− 2(1+x)R(r) − 1+2x2 λ− (1+2x)8(1+x)κe2(r)
1− κm(r)
4pi
√
R(r)
.
(49)
Please note that even in the matter-free space n = 0, p =
0 we do not have a constant R(r) and therefore m(r).
Due to the allowed torsion e(r) the function m(r) is loos-
ing its meaning as mass parameter outside the stars and
6is an auxiliary function of r. Not setting it constant as
in the normal exterior Schwarzschild solution is only jus-
tified if it solves the Einstein-Cartan equation what we
will show now.
The first equation of (49) provides e = e(m′) and in-
serted into the second leads to a second-order nonlinear
differential equation for m(r). Somewhat simplified one
obtains with the transformation R(r) = r2 and
e2(r) =
4(x+ 1)
κ(3 + 4x)
(
1
r2
+ λ+
m¯′(r)
r2
)
m(r) =
4pi
κ
[r + m¯(r)], (50)
the equation for m¯(r)
r(2x + 1)
(
m¯′ + λr2 + 1
) [
m¯′ − (4x+ 2)(λr2 + 1)]
= (4x+ 3)m¯
[
r m¯′′ + (6x+ 3)(m¯′ + 1) + λr2(6x+ 5)
]
.
(51)
A series ansatz shows that this equation has two solutions
m¯(r) = m0
κ
4pi
− r − λ
3
r3, m¯(r) = −r
(
λ
3
r2 +
1 + 2x
4 + 6x
)
(52)
where the constant m0 in the first solution will turn out
to be the mass of a star. Translated back we obtain with
(42) and (47) two solutions. The first one
A(r) =
R′(r)2
4R(r)
1− κm0
4pi
√
R(r)
+ λ3R(r)
B(r) = C1
(
1− κm0
4pi
√
R(r)
+
λ
3
R(r)
)
e(r) = 0
m(r) = m0 +
4piλ
3κ
R(r)3/2 (53)
is the standard Schwarzschild solution with zero tor-
sion and the extension to include the cosmological con-
stant known as Kottler solution [75]. Actually, for
large distances R(r) → ∞ the factor B → 1 + 2φ(r)
should approach the gravitational potential φ(r) =
−κm0/8pi
√
R(r) and consequently C1 = 1. The stan-
dard coordinate system appears of course for R(r) = r2.
Abbreviating
C =
3(1 + 2x)
2(2 + 3x)
=


3/4 x = 0
9/15 x = 1
3/2 x = −1
, (54)
the second solution with finite torsion
A(r) =
3R′(r)2
4R(r)[C + λR(r)]
B(r) = C1R(r)
σ2(r) =
e(r)2
κ(1 + x)
=
2
(2 + 3x)κ2R(r)
m(r) =
4pi
3κ
√
R(r) [3− C − λR(r)] (55)
has unusual properties which will be explored in the
following chapters. At a first sight in order to show
the gravitational potential in B(r) it seems to require
R(r) = [1 − 2φ(r)]/C1 for large r and it would mean
B(r) = 1− κm0
4pir
= C1R(r)
A(r) =
3κ2m2
0
64pi2r4(
1− κm04pir
) [
λ(1− κm04pir ) + C1C
]
=
3κ2m20
64pi2r4
1
λ+ C1C
+ o(r−5)
σ2(r) =
e(r)2
κ(1 + x)
=
2C1
κ2(2 + 3x)
1
1− κm04pir
=
2C1
κ2(2 + 3x)
+ o(r−1). (56)
We see that this solution seemingly creates a conflict be-
tween the demand of gravitational potential B at large
distances and the asymptotic flatness. We will discuss
below in chapter VI an appropriate coordinate system to
discuss this question more deeply.
In the standard coordinate system R(r) = r2 we have
for the metric (55)
A(r) =
3
λr2+C
=
1
1− b(r)r
; b(r) = r− 2
3
r2(C+λr2)
B(r) = C1r
2
σ2(r) =
e(r)2
κ(1 + x)
=
2
(2 + 3x)κ2r2
. (57)
In the next chapter we will see what modifications can
appear allowing a non-diagonal metric. Especially we
will prove that our series ansatz solution is indeed the
only one besides the torsion-free Schwarzschild solution
and will find appropriate coordinate systems where the
physics becomes transparent.
This second solution 57) or (55) does not provide a
parametrically change of the Schwarzschild solution with
respect to torsion. The only remaining torsion parame-
ter σ itself becomes fixed by the Einstein-Cartan equa-
tions itself and is proportional to the squared inverse cou-
pling constant similar to bimetric gravity in first order
[67]. This is here fundamentally different from solving
the equations in matter where the torsion parameter are
related to spin. In free space we see that a second so-
lution appears with completely determined metric and
torsion just by allowing the fact that torsion is present
in space-time. We will discuss the implication of this
solution below in chapter VI.
D. Comparison with known solutions
In order to compare with the solution in the literature
let us specify some limits of (55). It is sufficient to com-
pare specific angular trajectories in order to demonstrate
7the difference to known metrics. We will use spherical
symmetric coordinates and choose specifically dΩ2 = 0
to compare the parts in time and radial coordinates.
In [61] a solution with B(r) = r4 has been found which
would mean R(r) = r4/C1 according to (55) and our
metric (32) would become
A(r) =
12r2
λr4 + C1C
B(r) = r4
R(r) =
r4
C1
.
σ2(r) =
e(r)2
κ(1 + x)
=
2C1
κ2(2 + 3x)r4
. (58)
This does not reproduce eq 6.7. of [61]. It is noted that
this solution [61] itself does not complete the Einstein
equation seen by direct insertion. The more general so-
lution in [66] with B(r) = r2n would mean here
A(r) =
3n2
r2
(
λ+ cr2n
) (59)
again different from the one in Eq 5.9 of [66].
With Eq. 159 in [43], a solution was presented for
inner stars with junction to the outside leading to B(r) =
(a+ br2)2 which would mean with our solution
A(r) =
12b2r2
C + λ(a+ br2)2
(60)
which is different from the one published there A(r) =
1/(1 + cr2/(a+ 3b2)2/3).
Our solution here is a class-A type of [64] though by it-
self different as one sees in Eq. 41 where the authors give
B(r) = (c2+ c1/
√
r)2. This would lead in our solution to
A(r) = F−1 =
3
r2
4λ(1 + c2
c1
√
r
) +
C+c2
2
λ
c2
1
r
(61)
distinct from F presented there. Similarly in [41] it was
given B(r) = 1 − 2m/r which would translate in our
solution to
A(r) =
3m2
r2(r − 2m)[Cr + λ(r − 2m)] (62)
which is distinct from Eq. 16 of [41] which reads
A(r) = F−1 =
(r − 2m)(2r + a)
r(2r − 3m) (63)
even without cosmological constant.
In [62] the authors considers equations of motions re-
sulting from quartic terms of contortion tensor in the
Lagrangian which leads to quartic terms of coupling con-
stant in the Einstein-Cartan equations. Consequently the
exact solutions outside is different from the one presented
here which is quadratic in the coupling constant.
A time-dependent spherically symmetric solution has
been obtained in [65] with its static configuration (Eq.
79 there) by A(r) = 1/(1 + c1/r
2) which would mean for
the solution here
B(r) =
C
λ
sinh2
√
λ
3
(c1+r2)→ C
3
(c1+r
2) forλ = 0(64)
being clearly different from the form B(r) = 1 in [65].
The starting point there was also slightly different as be-
ing the Einstein-Cartan-Kalb-Raimond coupling.
In [69, 70] the special wormhole form of Morris and
Thorne [76, 77]
ds2 = e2Φ(r)dt2 − a(t)
(
dr2
1 + b(r)r
+ r2dΩ2
)
(65)
has been employed with Φ(r) = 0. From our standard
form (57) we see Φ(r) = ln r and therefore a different
form.
If we compare with the static solution A(r) = a/(1 −
b0/r) we would obtain for our solution
B(r) = −C
λ
sin2
[√
λ
3
(√
r(b0−r)−b0 arcsin
√
r
b0
)]
(66)
clearly different from B(r) = 1 reported there.
An exact solution of axially symmetric solution was
presented in [63] with B(t) =
√
c2/(t+ c) and
A(t, r) =
√
t+ c
c1
e2µr
2 sin2 θ (67)
which clearly differs from our B −A relation even when
rewritten in spherical coordinates.
Therefore we consider (55) as a not yet reported solu-
tion. Since it was obtained by a series ansatz, we have
still to prove the uniqueness of this solution which we
will see now. Let us remark here that most presented ex-
act solutions do not respect the spin-consistence relation
(23) and (24).
V. STATIC NON-SPHERICAL SOLUTION
First we test a non-spherical metric in the variables
(t, r, θ, φ) where we assume additionally to the diagonal
elements (32) the term
g =


B(r) 0 g02(r) 0
0 −A(r) 0 0
g02(r) 0 −R(r) 0
0 0 0 −R(r) sin2 θ

 . (68)
Then the spin-conservation (24) yields the condition b =
c = 0 and
a(t, r, θ)B′(r)[B(r)g′02(r)− g02(r)B′(r)] = 0. (69)
8For nonzero torsion this demands
g02(r) = g02B(r). (70)
The case of constant B(r) will be seen to be included in
the solution below.
Now lets solve the Einstein-Cartan equations in the
coordinate system (t, r, θ, φ). The linear-κ contribution
to the Einstein-Cartan equations Z˜ according to (27) via
(18) are still exactly zero. It becomes nonzero for time-
dependent metrics. The nonzero components of the po-
tential (28) read
U˜00 = σ
2B(r), U˜02 = U˜20 = σ
2g02B(r),
U˜22 =
σ2
2
[3g202B(r) +R(r)], U˜33 =
σ2
2
R(r) sin2 θ (71)
and the additional gravitational potential (14) becomes
U00 =
3
4
σ2B(r), U02 = U˜20 =
3
4
σ2g02B(r),
U11 = −σ
2
4
A(r), U22 =
σ2
4
[4g202B(r) +R(r)],
U33 =
σ2
4
R(r) sin2 θ. (72)
We search now immediately for the free- space solution
without matter n = 0, p = 0. Then it is revealing to
consider first the (23) element G23 of the Einstein-Cartan
equations (29) which provides
P23 =
g202 cot θ [R(r)B
′(r) −B(r)R′(r)]
2R(r) [g022B(r) +R(r)]
= 0 (73)
demanding
B(r) = C1R(r). (74)
Next we consider the conservation (13) which becomes{
0,− R(r)e
2(r)′ + e2(r)R′(r)
4(1 + x)A(r)(1 + g202C1)R(r)
, 0, 0
}
= 0 (75)
and which is fulfilled for
e2(r) =
C2
R(r)
. (76)
With these two results for B(r) and e(r) we obtain from
P11 =
3A′R′
4AR
− 6RR
′′ − 3(R′)2
4R2
= −λA(r) (77)
the solution
A(r) =
3(R′(r))2
3C3R(r) + 4λR(r)2
. (78)
With the help of (74), (76), (78) we get
P02 =
g02
2
C1(C3 + 2λR(r))
=
g02
2
C1
[
κ(1 + 2x)C2
(1 + x)(1 + g202C1
+ 2λR(r)
]
(79)
which provides the constant
C2 =
(1 + x)(1 + g202C1)C3
κ(1 + 2x)
. (80)
The possibility C1 = 0 we exclude since this would mean
B(r) = 0 according to (74). Finally we consider with
(74), (76), (78), (80)
P22 = 1− 1
2
C3 − λR(r)
= C3
1 + x+ (2 + 3x)C[1]g202
2(1 + 2x)
− λR(r) (81)
which provides the constant
C3 =
2(1 + 2x)
(2 + 3x)(1 + g202C1)
. (82)
The solutions (74), (76), (78), (80) and (82) fulfill the
Einstein-Cartan equations and the conservation laws.
Collecting together we have the metric (68) with
A(r) =
3R′(r)2
4R(r)[ C
1+g2
02
C1
+ λR(r)]
B(r) = C1R(r)
g02(r) = g02C1R(r)
σ2(r) =
e(r)2
κ(1 + x)(1 + g202C1)
=
2
κ2(2 + 3x)(1 + g202C1)R(r)
a(r, θ) =
√
2R(r)
2 + 3x
sin θ
κ
. (83)
In the limit of spherical symmetry, g02 → 0 we recover
exactly the solution (55). Due to the unique way of de-
duction we have proven in this way that this is the only
solution of the complicated differential equation (51) be-
sides the torsion-free Schwarzschild solution. Still the
concern remains that there is no smooth transition from
vanishing torsion σ2 → 0 towards the Schwarzschild so-
lution.
A. Uniqueness of non-spherical second solution
We will now test successively further off-diagonals in
the metric to show that the metric (68) with (83) is in-
deed a unique second solution besides the Schwarzschild
one.
First we consider the metric
g =


B(r) 0 g02(r) 0
0 −A(r) g12(r) 0
g02(r) g12(r) −R(r) 0
0 0 0 −R(r) sin2 θ

 . (84)
9Then the spin-conservation (24) yields the condition
c = 0 and g02(r) = C1B(r) as in the foregoing chap-
ter. Working it through further one considers the (0, 2)
equation of the Einstein-Cartan equation which provides
g02g12(r)B
′(r)
2A(r)[G202B(r)+R(r)]−2g212(r)
cot θ + ... = 0 (85)
as only angular dependence. This means either g12(r) =
0 and the solution as before or alternatively g02 = 0. This
last option is excluded since the component (1, 2) yields
g212(r)R
′(r) + g202A(r)(R(r)B
′(r) −B(r)R′(r))
2R(r)[A(r)(g202B(r) +R(r)) − g212(r)]
cot θ + ...
= 0 (86)
which would lead also to g12(r) = 0 if g02 = 0. We
conclude that the Einstein-Cartan equations require for
the metric (84) that the latter condition holds and we
are back to (68).
Next, we test the metric
g =


B(r) 0 g02(r) 0
0 −A(r) 0 g13(r) sin θ
g02(r) 0 −R(r) 0
0 g13(r) sin θ 0 −R(r) sin2 θ

 (87)
where the sin θ is chosen such that the determinant and
spin components are separable in angular variables. Then
the spin-conservation (24) yields the condition b = 0 and
g02(r) = C1B(r). Considering then the (2, 2) component
of the Einstein-Cartan equation shows
g13(r)
2
2(g213(r) −A(r)R(r))
1
sin2 θ
+ ... = 0 (88)
demanding g13 = 0 and again the former solution re-
mains.
Finally we test the metric
g =


B(r) 0 g02(r) 0
0 −A(r) g12(r) g13(r) sin θ
g02(r) g12(r) −R(r) 0
0 g13(r) sin θ 0 −R(r) sin2 θ

 (89)
Then the spin-conservation (24) yields the condition b =
0 and g02(r) = C1B(r). Considering then the (3, 3) com-
ponent of the Einstein-Cartan equation shows
A(r)g213(r)
2[A(r)R(r)−g13(r)2][g202B(r)+R(r)]−2R(r)g212(r)
× cot2 θ + ... cot θ + ... = 0 (90)
which yields g13 = 0. Then we consider the (0, 2) com-
ponent
g02g12(r)B
′(r)
2A(r)(g202B(r) +R(r)) − 2g12(r)2
cot θ + ... = 0 (91)
which demands either g12 = 0 and we have the foregoing
case or B(r) = const. The latter case leads for the (0, 2)
component to
−Bg02λ = 0 (92)
which means g02 = 0. But then we get for (1, 2) compo-
nent
g212(r)R
′(r)
2A(r)R2(r) − 2R(r)g212(r)
= 0 (93)
which demands g12(r) = 0 and again the former solution
remains.
The general metric consists of 6 functions to be deter-
mined by the Einstein-Cartan equations since 4 condi-
tions can be fixed by coordinate transformations. Since
the metric (89) consists of 6 unknown functions we con-
sider them as the general solution. As discussed the
Einstein-Cartan equations boil all them back to the so-
lution (68) with (83) which we consider therefore as the
unique second solution besides the Schwarzschild one out-
side matter as discussed in chapter IVC above. This
statement relates to the first-order action (1) in the
Einstein-Hilbert scheme and not to any other forms.
VI. DISCUSSION OF THE SECOND SOLUTION
Besides the torsion-free Schwarzschild solution in free
space we found a unique second torsion solution (68) with
(83) and g02(r) = g02B(r) = C1g02R(r). Without loss
of generality we can use the standard R(r) = r2 in the
following. The metric reads then
ds2 = C1r
2dt2 − 3
C
1+C1g202
+ λr2
dr2
−r2(dθ2 + 2C1g02dθdt + sin2 θdφ2) (94)
The off-diagonal term ∼ g02 creates a rotation in the
azimuthal angle with the angular velocity Ω2 = 1/(1 +
1/C1g
2
02) as one can see using the transformation
t¯ =
√
C1(1 + C1g202)t
θ¯ = θ +Ωt¯ (95)
which leads to
ds2 = r2dt¯2− 3dr
2
C
1+C1g202
+λr2
−r2[dθ2+sin2 (θ¯ − Ωt¯)dφ2].
(96)
This was expected since the off-diagonal term at the place
(0, 2) in the metric tensor has survived as only possible
solution and it creates exactly time-angle correlations.
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Another coordinate transformation in time and angles
tˆ =
√
C1
1 + C1g202
(t− g02 θ)
rˆ = r
√
1 + C1g202
φˆ =
φ√
1 + C1g202
(97)
brings the metric (94) into the diagonal form
ds2 = rˆ2dtˆ2− 3
C+λrˆ2
drˆ2−rˆ2(dθ2+sin2 θdφˆ2). (98)
We see that the off-diagonal element g02 can be trans-
formed away. Further we will discuss this form (98).
A. Wormhole
For stationary dt = 0 and equatorial slice θ = pi/2, the
metric (98) becomes
ds2 = − 3
C + λrˆ2
drˆ2 − rˆ2dφˆ2. (99)
Please note that the variables can be scaled here by rˆ →
crˆ and φˆ → φˆ/c to result into C → c2C. This shows
that C appears as an arbitrary constant instead of the
originally introduced (54).
We can embed (99) in flat 3D cylindrical coordinates
[76–78]
ds2 = −dz2 − drˆ2 − rˆ2dφ2 (100)
which provides
z(r) = ±
∫
dr
√
3− C − λrˆ2
C + λrˆ2
. (101)
We see that for λ < 0 we have a lower and an upper limit
for rˆ in order to render z(rˆ) real,
C − 3
|λ| < rˆ
2 <
C
|λ| . (102)
The upper limits gives the finite value of the total uni-
verse and the lower limit the throat of the wormhole since
both solution touch at this point. Indeed, integrating one
gets
z(rˆ) =
√
C − 3
λ
E
(
arcsin
√
−λrˆ2
C
| C
C − 3
)
− z0 (103)
with the elliptic E-function E(n|m) = ∫ n
0
dt
√
1−m sin2 t
and z0 equals the lower possible value of r according to
(102) which is zero for C < 3 . The results are plotted in
figure 1 and shows that we have a closed universe for λ <
0 with the upper radius (102). The lower radius appears
FIG. 1: The 3D embedding diagram of the solution with tor-
sion for four different constants C and different cosmological
constants. In case of λ < 0 and C > 3 one gets a finite throat.
only for C > 3 at which the derivative z′(r) diverges and
which corresponds to the throat of the wormhole [76].
Therefore we see that in the case C > 3 we do have
a wormhole for negative cosmological constant. Due to
(54) the case C > 3 is only mathematical.
For positive cosmological constant, λ > 0 we obtain
(103) with also an upper boundary for the radius, rˆ2 <
(3−C)/λ, but no lower boundary radius since the formal
−C/λ one is smaller zero. One sees that no wormhole
is possible since the two branches are touching at zero.
This universe is possible only for C < 3 since otherwise
the upper boundary would be smaller zero.
For vanishing cosmological constant there is no upper
limit of the radius but C < 3 in agreement to (54) and
the figure is a cone with z(r) = ±
√
3−C
C r.
B. Accelerations and effects of curvature
Now we discuss the metric of the second solution (68)
with (83) with respect to possible curvature effects. The
radial acceleration of a particle at rest in this coordinate
system is given by the affine geodesics
d2x1
dτ2
= −Γ 100 (u0)2 = −
1
2
B′
AB
=
2(C + λR)
3R′
(104)
and we see that for negative λ there is a maximal Rm =
r2m = −C/λ where the acceleration vanishes which corre-
sponds to the upper limit as we have seen in the worm-
hole discussion in the last chapter. This appears also if
we consider light moving radially, ds2 = dΩ2 = 0, leading
to
(
dr
dt
)2
=
B
A
=
4C1R
2
3R′2
(C + λR). (105)
In the case λ < 0 there is no light permitted for R =
r2 > Rm = −C/λ and the universe is closed in this case.
The effect of curvature in the three cases for λ is best
seen calculating the distance D from a given point in the
three-dimensional subspace and the corresponding sphere
spanned by all points with this same distance.
The distance according to geodesics in the three-
11
dimensional subspace is
D =
r∫
0
dr
√−g11 =
√
3


1√
|λ|arcsin
√
|λ|R
C λ < 0
1√
|λ|arcsinh
√
|λ|R
C λ > 0√
R
C λ = 0
≈
√
3
C
[√
R± |λ|
6C
R3/2 + o
( |λR|
C
)5/2]
. (106)
The area spanned by all points with the same distance
becomes
A =
pi∫
0
dθ
2pi∫
0
dφ
√
g22g33 = 4piR
A
4piD2
=


|λ|R
3arcsin2
√
|λ|R
C
λ < 0
|λ|R
3arcsinh2
√
|λ|R
c
λ > 0
C
3 λ = 0


≈ C
3
+o
(|λ|R
C
)
.
(107)
We see that even at small distances the permanent cur-
vature of C/3 is present to deviate from 4pi. Considering
the original introduced definition (54), only with a hy-
pothetical prefactor of the Belinfante-Rosenfeld equation
(5) of x = −3/4 to create C = 3 we would have no curva-
ture for small distances. According to the comment after
(99) we have the possibility to scale the coordinates such
that C becomes a free parameter. The plots are given in
figure 2.
The analogous calculation for the space content reads
V (r) =
r∫
0
dr
pi∫
0
dθ
2pi∫
0
dφ
√−g11g22g33 = 4pi
3
√
3
C
×


C
2|λ|
[
arcsin
√
|λ|R
C −
√
R(1− |λ|RC )
]
λ < 0
C
2|λ|
[√
R(1 + |λ|RC )− arcsinh
√
|λ|R
C
]
λ > 0
R3/2 λ = 0


(108)
and we see that in the case λ < 0 the space is finite due
to the upper limit Rm = −C/λ with
V
(√
Rm
)
= pi2
√
3C
|λ|3/2 . (109)
For small distances we obtain
V
4pi
3 D
3
≈ C
3
± |λ|R
15C
+o
(|λ|R
C
)2
. (110)
which again provides the information that there is a per-
manent curvature even at small distances of C/3.
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FIG. 2: The area spanned in embedded three-dimensional
space vs the distance D of (106) (left) and vs coordinate R
(right) for λ < 0 (above) and λ > 0 (below).
C. Other transformations
1. FLRW forms
Since we have the freedom to use any coordinate trans-
formation, we might search now for a coordinate system
which reveals the most similarity with known metrics.
Let us go back to the metric (98). First we consider the
case λ = 0. Using
y =
√
3
C
cosh
√
C
3
t, y =
√
3
C
sinh
√
C
3
r (111)
we get
ds2 = dx2 −
[
dy2 +
C
3
(y2 − x2)dΩ2
]
(112)
which shows a time (x) and space (y) dependent scale.
The asymptotic behaviour is seen by the coordinate
transformation t˜ = rˆtˆ and r
√
C/3 = rˆ which brings the
metric (98) into the form
ds2 = dt˜2 − 2
r
√
C
3
dt˜dr
−r2(
√
C
3
−1)
[(
1 +
Ct˜2
3r2
√
C
3
)
dr2 + r2dΩ2
]
≈ dt˜2 − r2(
√
C
3
−1)
(
dr2 + r2dΩ2 + o(
1
r2
)
)
(113)
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where the last line is for large r. We see that the met-
ric becomes asymptotically flat if C = 3. Otherwise we
obtain an asymptotically increasing or decreasing scale
factor of the three-dimensional volume.
Next we consider the case λ ≷ 0 and scale (98) by
rˆ =
√
C/|λ|r¯ and tˆ =
√
3/Ct¯ to obtain
ds2 =
3
|λ|
[
r¯2dt¯2− 1
1±r¯2dr¯
2−C
3
r¯2dΩ2
]
(114)
for λ ≷ 0 respectively. We will employ the complexifica-
tion trick first introduced by [79] to use complex trans-
formations in order to obtain real new metrics.
Let us discuss λ < 0 and remember that we had an
upper limit of r¯ < 1 in this case. It is convenient to use
the transformation
r¯2 = cosh2 x
[
1− c(y)2 tanh2 x]
tanh t¯ = c(y) tanhx (115)
leading to
|λ|
3
ds2 = dx2− 4 sinh
2 xc′(y)2
c2(y)− 1
{
dy2
−C
3
[c(y)2 − 1][c(y)2 − coth2(x)]
c′(y)2
dΩ2
}
≈ dx2− 4 sinh
2 xc′(y)2
c2(y)− 1
[
dy2 − C
3
[c(y)2 − 1]2
c′(y)2
dΩ2
]
(116)
where the last line is approaching for large x. This
form (116) gives a variety of possible representations.
Please note that with (115) we give the inverse formu-
las of the Mitra paradox [80–82] dating back to the
Florides solution [83] how to transform FLRW metric
into a Schwarzschild metric. Here we discuss a similar
problem within our new solution, i.e. in which ranges
an expanding or contracting universe can look static and
vice versa.
First we try a further complex transformation in (116)
c(y) = itan
(
c+
√
C
3
ln y
)
, y =
√
|λ|
3
r (117)
with an arbitrary constant c and x =
√
|λ|/3 t to bring
it to the familiar form
ds2 = dt2 − a(r, t) (dr2 + r2dΩ2) (118)
with
a(r, t) =
C sinh2
√
|λ|
3 t
3r2 cos2 (2c+
√
C
3 ln r)
. (119)
We see that we obtain a FLRW metric with k = 0 like
the Einstein-De Sitter universe except that the scaling
radius is not only time-(t) dependent but also space-(r)
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FIG. 3: The r¯ − t¯-region of transformation (115) where the
case λ < 0 assumes a time-like FLRW metric (dark) and the
region where (123) transforms to a space-like metric (white).
The upper limit of this metric was rˆ2 = C/|λ| r¯2 < C/|λ|
visualized by the perpendicular line.
dependent. We can shift the spatial dependence of the
scale factor in a more standard form if we use instead of
(117) the form
c(y) = i sinhy, y =
√
|λ|
3
r (120)
to obtain
ds2 = dt2 − a(t)
(
dr2 +
C
|λ|cosh
2
√
|λ|
3
r dΩ2
)
(121)
with
a(t) = 4 sinh2
√
|λ|
3
t (122)
which allows the standard cosmological discussion with
Hubble constant etc. Please note that we have used here
complex spatial coordinates in order to achieve this stan-
dard notation.
The range of allowed transformations (115) is easily
seen to be coshx2 = r¯2/(1 − tanh2 t¯) > 1 and plotted in
figure 3. Below the upper limit r¯ < 1 and large time t¯
the range of possible transformations for time-like FLRW
metrics is visible.
In the missing range for smaller times we can use x˜ =
ix =
√
|λ|/3 t˜ in the transformation (115) and (117) to
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FIG. 4: The r¯ − t¯-region of transformation (125) where the
case λ > 0 assumes a space-like FLRW metric (white) and the
region where (123) transforms to a time-like metric (dark).
render it real
r¯2 = cos2 x˜
[
1− c(y)2 tan2 x˜]
tanh t¯ = c(y) tan x˜
c(y) = tan
(
c+
√
C
3
ln y
)
, y =
√
λ
3
r (123)
and to obtain just the negative of (118) with
a(r, t˜) =
C sin2
√
|λ|
3 t˜
3r2 cos2
(
2c+
√
C
3 ln r
) . (124)
The negativity of the whole line element would corre-
spond to imaginary line elements ds˜2 = −ds˜2 and a
space-like metric.
For the case λ > 0 the transformation
r¯2 = cosh2 x
[
c(y)2 tanh2 x− 1]
coth t¯ = c(y) tanhx (125)
brings the metric to the form
|λ|
3
ds2 = −dx2− 4 sinh
2 xc′(y)2
1− c2(y)
{
dy2
−C
3
[c(y)2 − 1][c(y)2 − coth2(x)]
c′(y)2
dΩ2
}
≈ −dx2− 4 sinh
2 xc′(y)2
1−c2(y)
[
dy2−C
3
(c(y)2−1)2
c′(y)2
dΩ2
]
(126)
where the last line is again approaching for large x. The
further transformation (117) and x =
√
|λ|/3 t yields
−ds2 = dt2 − a(r, t) (dr2 + r2dΩ2) (127)
with (119). The range of allowed transformations (125)
is coshx2 = r¯2/(coth2 t¯− 1) > 1 and plotted in figure 4.
We see that the space-like FLRW metric appears in this
range as we had in the range of the case of λ < 0. The
other range can be described again by the change x˜ =
ix =
√
|λ|/3 t˜ which leads to the real transformation
r¯2 = cos2 x˜
[
c(y)2 tan2 x˜− 1]
coth t¯ = c(y) tan x˜
c(y) = tan
(
c+
√
C
3
ln y
)
, y =
√
|λ|
3
r (128)
which provides the time-like FLRW metric (118) with
(124). The simpler choice (120) and additionally imagi-
nary times x = it
√
|λ|/3 leads again to (121) and (122)
where sinh has to be replaced by sin.
We see that for both cases λ ≷ 0 ranges of transfor-
mations are possible to find a FLRW metric where the
Einstein constant λ takes over the role of the standard
k factor in Friedman cosmoses. The scaling factor a be-
comes time and space dependent. Using complex coor-
dinates the standard only time-dependent scaling factor
can be achieved. In one range it shows oscillating be-
haviour and in the complimentary range an exponential
increasing behaviour in time.
2. Morris and Thorne form
With the help of the transformation
R(r) = −C
λ
cos−2
[√
4C
3
arcsin
√
r
b
]
(129)
we obtain from (98) the metric
ds2 = e2Φ(r) − a(r)
(
dr2
1 + 1r
+ r2dΩ2
)
(130)
with a(r) = R(r)/r2 and Φ(r) = ln
√
R(r) which shows
that the space part can be written in a form known from
Schwarzschild solution but with a space-dependent pref-
actor leading to the unusual features described in this pa-
per. The form (130) without space-dependent prefactor
was used in [69] in order to discuss wormhole solutions of
Einstein-Cartan gravity which we have already presented
in the last chapter.
3. Interchange of time and space coordinates
Having exercised complex transformations it is reveal-
ing to consider all cases of λ together by the complex
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coordinate transformation (98)
r¯ =
√
a(it˜) =


√
C
|λ| sin
√
|λ|
3 it˜; λ < 0√
C
3 it˜; λ = 0√
C
|λ| sinh
√
|λ|
3 it˜; λ > 0
t¯ = i ln r˜ (131)
providing the form of the metric
ds2 = dt˜2 − a(it˜)
r˜2
[dr˜2 + r˜2dΩ2]. (132)
This looks like the standard FLRW metric except that
a(it˜) < 0 which means we obtain an Euclidean metric in
this way. The complex old radial coordinate is now the
time and the complex old time the new radial coordinate.
D. Autoparallel motion
Next we solve the autoparallel trajectories in Riemann-
Cartan spacetime
x¨µ = −Γµνκx˙ν x˙κ. (133)
Dots are derivatives to some proper time τ for the metric
(98) with x = (t, R, θ, φ). These equations are different
from the geodesic equation [54] which is determined by
purely Riemann space-time and the neglect of contortion
in (2). We assume a test object which can couple to
torsion. The equations of motion read explicitly
t¨ = −Γ0νκx˙ν x˙κ = −
{
0
νκ
}
x˙ν x˙κ =
R˙θ˙
R
R¨ = −Γ1νκx˙ν x˙κ = −
{
1
νκ
}
x˙ν x˙κ
= R˙2
C + 2λR
2R(b+ λR)
+
2
3
R(b+ λR)(θ˙2 + sin2 θφ˙2 − t˙2)
θ¨ = −Γ2νκx˙ν x˙κ = −
{
2
νκ
}
x˙ν x˙κ − 2
√
1− C
κ
sin θt˙φ˙
= − R˙
R
θ˙ + sin θ cos θφ˙2 − 2
√
1− C
κ
sin θt˙φ˙
φ¨ = −Γ3νκx˙ν x˙κ = −
{
3
νκ
}
x˙ν x˙κ + 2
√
1− C
κ sin θ
t˙θ˙
= − R˙
R
φ˙− 2 cot θφ˙θ˙ + 2
√
1− C
κ sin θ
t˙θ˙. (134)
One sees that the autoparallel motion due to affine con-
nection differs from the geodesic due to Levy-Cevita con-
nection by terms ∼ √1− C/κ only in the two angular
equations.
As usual we will consider a fixed azimuthal angle, but
choose here θ0 6= pi/2, since then the equation for θ is
solved as
φ(τ) = − 2
κ cos θ0
τ + τ0 (135)
providing a linear connection between the proper time τ
and the angle φ. Then the equation for t is integrated to
provide
Rt˙ = F = const (136)
which allows to close the equation for R¯ = |λ|R/C as
¨¯R = −1± R¯
R¯
+
1± 2R¯
2R¯(1± R¯)
˙¯R2 (137)
for λ ≷ 0 and where we have used the scaling
τ¯ = τF |λ|
√
2
3C
[κ2 + 4(C − 1) tan2 θ0]. (138)
The equation (137) and following (136) can be solved
exactly as
R¯ = ± z − 1
2∓ c1z
z = tanh
√
c1C
3
t =
√
2
c1
tan(h)
√
c1
4
(τ¯ + c2) (139)
with tanh / tan for λ ≷ 0 respectively with the two inte-
gration constants c1 and c2. The integration constant c2
is an irrelevant shift in the parameter τ while the meaning
of c1 depends on the actual chosen coordinate system.
With the help of (135) we can give a parametric plot
R(φ) in figure 5 for λ > 0 and in figure 6 for λ < 0.
For large negative t¯ or φ the trajectories for a fixed θ0
approaches circles. For large t the trajectories approach
the radius of 0 except c1 = 2 which provides a fixed
radius of R¯ = 0.5. The diverging radius appears for
angles corresponding to z = 2/c1. Analogous discussion
can be performed for λ < 0 as seen in figure 6.
Let us discuss some possibilities for the constant c1. It
is easily seen that
R˙2 = (±1 +R)(2 + c1R) (140)
holds and for R = R[r(t)] we can interpret
r˙2
2
=
R˙2
2R′2
=
(±1 +R)(2 + c1R)
2R′2
= −V eff(r) (141)
as effective gravitational potential. Choosing R =
sinh2(r/23/2) for λ > 0 and R = sin2(r/23/2) for λ < 0
we obtain
r˙2
2
∓ 2
sin(h)2 r
23/2
= ±c1 (142)
which one can verify as first integral of (137) also directly
by substitution. In this coordinate choice ±c1 plays the
role of total energy. Among the many possibilities we
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FIG. 5: The parametric plot R¯(φ, θ0) of (139) for λ > 0 and
different values of the integration constant c1. In case c1 =
−2 an infinite trajectory appears. For angles z = 2/c1 the
trajectory diverges as well.
want to highlight some special choices of coordinates
R(r) = 1− a
r
:
V eff =
{
−r2
2a2 (2r−a)[(2+c1)r − c1a] λ>0
− r22a2 [c1a−r(2+c1)] λ<0
(143)
R(r) =
2
3
r3/2 :
V eff = −1
r
−√r 2± c1
3
− 2c1
9
r2, λ ≷ 0 (144)
R(r) =±e 23 r3/2 , λ ≷ 0 :
V eff = −
(
1+e−
2
3
r3/2
)(
c1±2e−23 r3/2
)
2r
≈ ∓2− c1
r
+
(
±2 + c1
3
)√
r + o(r2). (145)
One sees from (143) that the simple demand of obtaining
gravitational force as we did in (56) would not lead to an
effective gravitational potential in geodesic motion. The
choice of (144) yields a gravitational potential but with a
confining large distance behaviour. Only the last choice
FIG. 6: The parametric plot R(φ, θ0) of (139) for λ < 0 and
different values of the integration constant c1. For c1 = 2 an
infinite trajectory appears as well as for angles z = −2/c1.
(145) vanishes at large distance and is illustrated in fig-
ure 7. Please note that we have scaled out the ”angular
momentum” equivalent F of (136). Dependent on the
parameter c1 we see that the gravitational potential gets
a maximum where inflection is possible. This is actually
the case for λ > 0 when we fix as special choice c1 = −1
in order to reproduce the gravitational potential at short
distances. The case of λ < 0 is almost inverse to the one
λ > 0 but the special choice c1 = 3 in order to reproduce
the gravitational force at short distances does not yield
any maximum.
For completeness let us present shortly the results for
λ = 0. For the scaled coordinate R = CR¯ and proper
time, to set λ = 1 in (138), we get the differential equa-
tion
¨¯R = −1± R¯
R¯
+
˙¯R2
2R¯
(146)
which has a first integral
˙¯R2
R¯
− 2
R¯
= c1. (147)
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FIG. 7: The effective gravitational potential (145) for λ > 0
(above) and λ < 0 (middle) and (149) for λ = 0 (below) for
different values of the integration constant c1.
The coordinate choice R = r2/8 provides
r˙2
2
− 16
r2
= c1 (148)
and therefore an inverse squared effective potential and
the constant c1 to be interpreted as energy. A asymp-
totically vanishing potential with 1/r behaviour at short
distances is reached for the choice (145) which reads here
V eff = −
e−
2
3
r3/2
(
c1+2e
− 2
3
r3/2
)
2r
≈ c1 − 2
2r
+
1
3
(4− c1)
√
r + o(r2) (149)
presented in figure 7 as well. The special choice c1 = 0
does not produce a second maximum.
The here presented analysis considers explicitly the
presence of a cosmological constant. Other dynamical
models with curved space time and torsion in dependence
on the cosmological constant can be found in [29].
E. Weyl tensor
It is customary to calculate the traceless Weyl tensor
Wabcd = Pabcd − 1
2
(gacPbc + gadPac − gadPbc − gbcPad)
+
P
6
(gacgad + gadgbc) (150)
in order to classify the solution [9–11]. Using the
Newman-Penrose formalism [12, 13] we calculate for the
new second solution (68) with (83) the nulltretrads [9]
η1 = l =
1√
2
(ω0 − ω1), η2 = n = 1√
2
(ω0 + ω1)
η3 = m =
1√
2
(ω2 + Iω3), η4 = m¯ =
1√
2
(ω2 − Iω3)
(151)
from the orthonormal tetrads
ω0 = (r, 0, g02r, 0), ω1 = (0,
√
3√
C
1+g2
02
+ λr2
, 0, 0),
ω2 = (0, 0,
√
1 + g202r, 0), ω3 = (0, 0, 0, r sin θ). (152)
The five self-dual expansion components of the Weyl ten-
sor are with W˜ijkl = Wabcdη
a(i)ηb(j)ηc(k)ηd(l)
Ψ0 = −Wabcdlamblcmd = −W˜1313 = 0
Ψ1 = −Wabcdlanblcmd = −W˜1213 = 0
Ψ2 = −Wabcdlambm¯cnd = −W˜1342 = − 1
6(1 + g202)r
2
Ψ3 = −Wabcdlanbm¯cnd = −W˜1242 = 0
Ψ4 = −Wabcdnam¯bncm¯d = −W˜2424 = 0 (153)
and provides the Petrov-D classification. This is the same
class as the different solution found by [66]. This solution
means that two double principal null directions appear
like in the gravitational fields of massive objects.
One might argue now that the Weyl tensor and the fol-
lowing classification scheme is valid only for the Riemann
tensor and not for the curvature tensor including torsion.
One can repeat the analysis calculating the Weyl tensor
from the curvature tensor which means to replace the
Christoffel symbols by the affine connection Γ according
to (2). The result is
Ψ1 = Ψ2 = Ψ3 = Ψ4 = 0
Ψ2 = − 2(1 + C) + κ
2
6(1 + g202)κ
2r2
(154)
leading to the same Petrov-D solution.
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VII. SUMMARY
The Einstein-Cartan equations resulting from lowest-
order action are considered. An explicit restriction on the
spin tensor is derived in order to keep the consistence of
equations and conservation laws. Inside matter the stan-
dard gravitational equations are obtained with torsion
including the generalized Oppenheimer-Volkov equation.
Outside matter the equations are solved exactly. Be-
sides the spherically symmetric Schwarzschild solution a
second non-spherical one appears which is proven to be
unique by testing various non-spherical parametrizations
of the metric. The found second solution is characterized
by an equivalent spin component which is proportional
to the inverse squared of the Einstein coupling constant
and appears not as an independent variable. Instead it is
completely determined by the Einstein-Cartan equations
together with the metric. It does not follow as an addi-
tional parametrically spin added to the gravitation but
is a consequence of consistence of equations.
The new solution possesses unusual properties. The
comparison with other exact solutions show that it is
not a part of known ones. Special transformations are
constructed which allows to specify areas of time- and
space-like FLRW forms but with space-dependent form
factors. The usual forms of only time-dependent scal-
ing is only achieved by complex coordinate transforma-
tions which rises the question of interpretation. We see
it as sign of a disjunct solution from known Friedman
cases. The cosmological constant takes the role of the
standard k parameter of Friedman cosmoses. Depending
on the sign of the cosmological constant an open or closed
cosmos is obtained for this new metric. General trans-
formation formulas are presented which allow to trans-
form regions of static Schwarzschild solutions into time-
dependent FRLW metrics and vice-versa. The possibili-
ties of wormholes are discussed and the effects of unusual
curvature in this solution is shown like a permanent cur-
vature also at small distances.
The autoparallel equations are solved exactly and are
compared with geodesic motion in this new solution de-
pendent on the sign of the cosmological constant. Ap-
propriate coordinate systems are constructed such that
gravitational forces appear at short distances and the
consequent effective gravitational potentials are derived.
They show a deflection behaviour dependent on the total
energy in the system.
Finally the Weyl tensor is calculated and the presented
exact solution is identified as Petrov-D type like it ap-
pears in the neighborhood of massive objects.
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